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result is related with abelian varieties which have complex multiplication over their fields of 
definition. 



1 Introduction 



Non-existence of certain CM abelian varieties with prime 

power torsion 
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CN ■ Abstract 

^ ■ In this paper, we study a conjecture of Rasmussen and Tamagawa, on the finiteness of 

' the set of isomorphism classes of abelian varieties with constrained prime power torsion. Our 

H 

. Let K be a finite extension of Q, K an algebraic closure of K and Gk — Gal(K / K) the absolute 

Galois group of K. For a prime number £, we denote by K(fj,g) the field generated by the ^-th 
roots of unity. We denote by A(K, g, £) the set of A-isomorphism classes of g-dimensional abelian 
varieties A over A which satisfy the following: 

(RT» K(A[£}) is an ^-extension of K{m). 

(RT re( j) The abelian variety A has good reduction away from i over A. 

It follows from the condition (RT rc d) and Faltings' result on the Shafarevich Conjecture that 
[*""» ' A(K, g, £) is a finite set. Rasmussen and Tamagawa suggested that such finiteness should hold if 

we take the union of these sets for £ varying over all primes. 

m ; Conjecture 1.1 f|RT]. Conjecture 1). The set A{K,g) := {{[A],£) | [A] e A(K,g,£), £ : 

£\\ • prime number} is finite, that is, the set A(K, g, £) is empty for any prime number £ large enough. 

This conjecture is proved only in a few case. For example, Conjecture 11.11 in the case where K 
is the rational number field or certain quadratic field, with g = 1 is proved by Rasmussen and 
Tamagwa in [RT] . Their proof is based on results on if -rational points of modular curves of [Maj 
and Mo . Arguments for the moduli of algebraic points on Shimura curves ( | Ar] . |AMj ) also give 
results on Conjecture [TTT] for QM-abelian surfaces and certain quadratic field K. 

In this paper, we prove Conjecture 11.11 for abelian varieties in A{K, g, £) which satisfy the 
condition that representations associated with their €-adic Tate modules are abelian. In fact, we 
prove more general result as follows: Denote by A'(K, g, £) a ^ the set of A'-isomorphism classes of 
g-dimensional abelian varieties A over K which satisfy the following: 

(RT^)' For some finite extension L of K which is unramified at all places of K above £, L(A[£}) 
is an ^-extension of L{fiA. 

(RT a b) The representation paj- Gk — > GL(T((A)) associated with the £-adic Tate module 
Ti (A) of A has an abelian image. 

Our main result in this paper is 

Theorem 1.2. The set A 1 {K,g,£) a \^ is empty for any prime number £ large enough. 
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Keys to the proof of Theorem 11.21 are to construct a compatible system of Galois representations 
which has a strong condition, Faltings' trick in his proof of the Shafarevich Conjecture and Ray- 
naud's criterion of semi-stable reduction. We hope that this study will be a first step to solve 
Conjecture 11.11 for abelian varieties with complex multiplication. If an abelian variety A over K 
has complex multiplication over K (in the sense of |ST) . Section 4), then it is well-known that pa.i 
is abelian (cf. loc. cit., Section 4, Corollary 2). Thus we obtain 

Corollary 1.3. The set of K -isomorphism classes of abelian varieties in A(K,g,£) which have 
complex multiplication over K is empty for any prime £ large enough. 

We want to replace "an abelian image" in the statement of (RT a b) with "a potential abelian 
image" . Assume that we obtain Theorem 11.21 with this replacement. Under this assumption, we 
see that Conjecture 11.11 holds for CM abelian varieties, that is, if we denote by A(K, g, £)cm the 
set of ^-isomorphism classes of abelian varieties in A(K, g, £) which have complex multiplication 
over K, then the set 

A{K,g) C M ■= {{[A},£] | [A] G A(K,g, £)cm, £ ■ prime number} 

is finite. 

The paper proceeds as follows. Section 2 is devoted to a study of compatible systems. In Section 
3, we recall some facts about Coniecture ll.il Finally we prove our main theorem in Section 4. 

2 Compatible systems 

In this section, we use same notation as given in Introduction. To find conditions that compatible 
systems should be of a simple form is important for the proof of Theorem 1 1.21 

2.1 Basic notions 

Let E be a finite extension of Q. For a finite place A of E, we denote by £\ the prime number 
below A, E\ the completion of E at A and ¥\ the residue field of A. We denote by E\ (resp. 
K v ) the completion of E at a finite place A of E (resp. the completion of K at a finite place v 
of K). Let S be a finite set of finite places of K and T a finite set of finite places of E. Put 
Se = SU {places of K above £}. A representation p: Gk ~ > GL n (E\) is said to be E-rational with 
ramification set S if p is unramified outside Se and the characteristic polynomial det(T — p(Fr v )) 
of Fr„ has coefficients in E for each finite place v ^ Si of K, where Fr v is an arithmetic Frobenius 
of v. 

Now we give definitions of compatible systems of A-adic (resp. mod A) representations, which 
mainly follows from that in [Khlj and |Kh2] . An E-rational strictly compatible system (p\)\ of 
n- dimensional X-adic representations of Gk with defect set T and ramification set S, consists of, 
for each finite place A of E not in T, a continuous representation p\ : Gk GL n {E\) that is 

(i) p\ is unramified outside S( x ; 

(ii) for any finite place v ^ S of K, there exists a monic polynomial f v (T) £ E[T] such that for 
all places A ^ T of E which is coprime to the residue characteristic of v, the characteristic 
polynomial det(T — pA(Fr„)) of Fr„ is equal to /„(T). 

An E-rational strictly compatible system {p~\)\ of n- dimensional mod A representations of Gk with 
defect set T and ramification set S, consists of, for each finite place A of E not in T, a continuous 
representation p\ : Gk — > GL n (F\) that is 

(i) p\ is unramified outside Sf x ; 

(ii) for any finite place v ^ S of K, there exists a monic polynomial f v (T) € E[T] such that for 
all places A ^ T of E which is coprime to the residue characteristic of v, f v (T) is integral at 
A and the characteristic polynomial det(T — p\(Fr v )) of Fr„ is the reduction of f v (T) mod A. 
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We will often suppress the sets S and T from the notations. 

Example 2.1. Let X be a proper smooth variety over K. Let Ve := H£ t (X K , Qe ) v be the dual of 
the £-adic etale cohomology group H^.(X K , Qe) of X. Then the system (Vg)g is a strict compatible 
system whose defect set is all prime numbers and ramification set is the set of finite places v of K 
such that X has bad reduction at v. This fact follows from the Weil Conjecture which is proved 
by Deligne (cf. [EE], [US])- 

It is conjectured that every E-rational strictly compatible system arises motivically. 

Conjecture 2.2 ( [Khlj . Conjecture 1). Any E-rational strictly compatible system of X-adic (resp. 
mod X) representations arises motivically. 

In fact, this conjecture is true if representations are abelian. 

Theorem 2.3 f |Kh2| . Theorem 2 and Corollary 1). An E-rational strictly compatible system of 
abelian semisimple X-adic (resp. mod X) representations of Gk arises from n Heche characters. 

For a finite place v of K, we denote by G v a decomposition group of v and I v the inertia 
subgroup of G v . An inertia! level £ of K is a collection (£ v ) v of open normal subgroups Z v of I v 
for each finite place v of K such that £ v — I v for almost all v. An inertial level £ of a geometric 
X-adic representation p\ of Gk, where we use the notion of geometric in the sense of |FMj . is the 
collection (£ v (p\))v of open normal subgroups £ v (p\) of I v for each finite place v of K, where 
£v{p\) is the largest open subgroup of I v such that the restriction of p\ to £ v {p\) is semi-stable. 
By definition, we have £ v (p\) = I v for almost all v. A compatible system (p\)\ of geometric 
A-adic representations of Gk has bounded inertial level if there exists an inertial level £ = (£ v ) v 
such that £ v C £ v (p\) for all A and v. Let Wi,W2, . . . ,w n be integers. A A-adic representation p\ 
is E-rational with Frobenius weights W\, W2, ■ • ■ , w n outside S if p\ is -E-rational with ramification 
set S and for all finite places v ^ Se of K, the complex roots of the characteristic polynomial 
det(T — p(Fr v )) of Fr^, for a chosen embedding of E into C, have their complex absolute values 

qv 1 ^ 2 ,qv 2 ^ 2 ■ ■ ■ ,qv n ^ 2 where q v is the cardinality of the residue field of v. A strict compatible 
system (p\)\ is said to be E-rational strict compatible system with Frobenius weights W\, W2, ■ ■ ■ , w n 
if each p\ is E-rational with Frobenius weights W\, W2, ■ ■ ■ , w n outside a ramification set of (p\)\. 
We call W\, 11)2, ■ . ■ , w n the Frobenius weights of p\ (resp. (p\)\), and p\ (resp. (p\)\) is said to be 
pure if wi = W2 = ■ ■ ■ = w n . A compatible system (p\)\ of geometric A-adic representations of Gk 
has bounded Hodge-Tate weights if there exist integers a and b with a < b such that, for any A and 
finite place v of K above l\, all the Hodge-Tate weights of p\o v viewed as a (^-representation are 
in [a, b]. Finally, a compatible system (p\)\ of mod A representations of Gk is of bounded Artin 
conductor if there exists an ideal 9t of K such that, for any A, the Artin conductor of p\ divides 

m. 

Proposition 2.4. (I) An E-rational strictly compatible system (p\)\ of abelian semisimple X-adic 
representations of Gk has bounded inertial level and bounded Hodge-Tate weights. 
(2) An E-rational strictly compatible system (p\)\ of abelian semisimple mod X representations of 
Gk is of bounded Artin conductor. 

Proof. By Theorem 12.31 such (p\)\ arises from Hecke characters. Hence the Proposition follows 
from standard properties of a representation arising from Hecke characters. □ 

2.2 Structures of certain compatible systems 

Choose an algebraic closure F A of F A . Put x\ ■ G K ^> Z£ ^ E A and \\ ■ G K ^ F£ ^ , 
where \t\ an d xi x are the ^ A -adic cyclotomic character and the mod £\ cyclotomic character, 
respectively. For a representation p\ : Gk — > GL n (¥\) with abelian semisimplification, Schur's 
lemma shows that (p\) ss (8 F A conjugates to the direct sum of n characters, where the subscript 
"ss" means the semisimplification, and we call these n characters characters associated with p\. 
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For a A-adic representation px, we denote by p\ a residual representation of p\ (for a chosen 
lattice). Note that the isomorphism class of (p\) ss is independent of the choice of a lattice by the 
Brauer-Nesbitt theorem. 

Theorem 2.5. Let (p\)\ be an E-rational strictly compatible system of n- dimensional geometric 
semisimple X-adic representations oJGk- Suppose that there exists an infinite set A of finite places 
of E which satisfies the following: 

(1) For any A G A, there exists a place v of K above i\ such that 

(a) p\ is semi-stable at v. 

(b) there exist integers w\ < u>2 which are independent of the choice of A G A such that the 
Hodge-Tate weights of /?a|g„ « r e in [wi,u>2\- 

(2) For any A G A, (px) ss is abelian and any character associated with p\ has the form SX\, 
where a is an integer and e : Gk — > ^\ is a character unramified at all places of K above £\ . 

(3) The Artin conductor of (p\) ss is bounded independently of the choice of X G A. 

Then there exist integers mi, m^, ■ ■ ■ , m n and a finite extension L of K such that, for any X, the 
representation p\ is isomorphic to x™ 1 © X™ 2 © • • • © X™" on Gl- 

Remark 2.6. If Conjecture 12.21 holds, then we can remove the conditions (1) and (3) of Theorem 
12.51 since these conditions are automatically satisfied. 

Proof of Theorem \2.5\ By replacing A with its infinite subset, we may suppose that i\ docs not 
divide the discriminant of K and l\ > [E : Q] • n for any A G A. Furthermore, we may assume that, 
for any A G A and a finite place v of K above l\ as in the condition (1), the Hodge-Tate weights 
of P\\g v viewed as a Qi x -representation are positive and bounded independently of the choice of 
A G A. By the condition (3), there exists an ideal n of Ok such that, for any A G A, the Artin 
conductor outside £\ of (p\) ss divides n. If we denote by %j) a character associated with (p\) ss for 
A G A and decompose ip = sxfx where e is as the condition (2), then the Artin conductor outside 
£\ of e also divides n. Hence, replacing the field K with the strict ray class field of K associated 
with n, we may replace the condition (2) with the following condition (2)': 

(2)' For any A G A, (p\) ss is abelian and any character associated with p\ has the form X\- 

Now take any A G A. Let Xx^iXx^j ■ ■ ■ ,Xa A " be all the characters associated with p\. By the 
condition (2)' and £\ > [E : Q]-n, the representation (p\) ss conjugate^] to the direct some of n char- 
acters (over ¥\) of the form X\, which has values in ¥f . Hence if we regard the F>-representation 
p\ as an -representation, its semisimplification is of a diagonal form whose diagonal components 
are the copies of X^' 1 > X^' 2 > • • • > X<\ '™ (here we note that £\ > {W\ : ¥e x ] ■ n). Furthermore, it is 
a direct summand of the semisimplification of a residual representation of p\ viewed as a Qi x - 
representation. Therefore, by Caruso's result on an upper bound for tame inertia weights ( |Ca) ) 
and the condition (1), there exists a constant C > 0, which is independent of the choice of A G A, 
and an integer < b\ t i < C such that 

(ft) b\,i = a\s mod £ A - 1 

for any i (recall that l\ does not divide the discriminant of K). Now we claim that the set 
{^a,i, &a,2, ■ • ■ j b\^n\ is independent of the choice of A G A large enough. Denote by S the rami- 
fication set of {p\)\- Take a v ^ S and decompose det(T — p\(Fr Vo )) — Yl" = i(T — a Vo j). By 

conditions (2)' and (ft), we have the congruence rij=i(^ — a v ,j) = — Qvo' 3 ) in F>[T]. If 

^^Here we use the following fact: Let F be a field of characteristic £ > 0. Let p and p' be n-dimensional semisimple 
F-representation of a group G. Assume that i > n. If det(T — p(g)) = det(T — p'(g)) for any g G G, then p is 
isomorphic to p' . 
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£\ is large enough (note that A is an infinite set), then we obtain that this congruence is in fact 

an equality in E[T]: H]= X (T ~ a v ,j) = II"=i( T ~ Qvo' 3 )- Therefore, the set {6a,i, b\,2, • ■ • , &A,n} 
is independent of the choice of A £ A with t\ large enough. This proves the claim. We denote 
{&A,i> &A,2, • • • , b\,n} by {mi, 77i2, . . . , m„} for such a A 6 A. By the compatibility of (p\)\, we 
obtain the equation det(T — px(Fr v )) = Ylj =1 {T — qT 3 ) for any A and v St x , Therefore, the 
representation p\ is isomorphic to x™ 1 © X™ 2 ® "' ® X\ n - By the compatibility of (p\)\, this 
finishes the proof. □ 

Corollary 2.7. Let (p\)\ be an E-rational strictly compatible system of abelian semisimple mod 
A representations of Gk ■ Suppose that, for infinitely many finite places A of E, any character 
associated with p\ has the form s\\, where e: Gk ^\ is a character unramified at all places of 
K above £\. Then there exist a finite extension L of K and integers mi, m.2, . . . , m n such that, for 
any X, the representation p\ is isomorphic to x™ 1 © x™ 2 © ' ' ' © X™" on Gl- 

Proof. By Theorem 12.31 we know that there exist a finite extension E 1 of E and an E'-rational 
abelian semisimple compatible system (px')x' of A'-adic representations of Gk which arises from 
Hecke characters such that (p\>)\> is a lift of (p\)\, that is, p\> is isomorphic to p\ ® F\i for any 
A and any finite place A' of E' above A. By standard properties of compatible systems of Galois 
representations arising from Hecke characters, we see that (px')x' satisfies all the assumptions (1), 
(2) and (3) in Theorem 12.51 Consequently we obtain the desired result. □ 

Corollary 2.8. Let (p\)\ be an E-rational strictly compatible system of n- dimensional semisimple 
X-adic representations of Gk- Suppose that 

(i) (px) ss is abelian for almost all X; 

(ii) for infinitely many X, any character associated with (p\) ss has the form SX\> where e: Gk — > 

is a character unramified at all places of K above l\ . 

Then there exist integers m\ , mi , . . . , m n and a finite extension L of K such that, for any X, the 
representation p\ is isomorphic to x™ 1 © X\ 2 ® ' ' ' ® X™" on Gl- 

Proof. The result follows immediately by applying Corollarv l2.7l to the compatible system ((pa) ss )a- 

□ 

Let A and A' be finite places of E of different residual characteristics. Let p\ be an .E-rational 
n-dimensional semisimple A-adic representations of Gk with ramification set S. Suppose that there 
exists an semisimple A'-adic representation py of Gk such that 

det(T - p x {¥r v )) = det(T - p\.(Fr v )) 

for any v £ Si x U Si , . In the spirit of Fontaine-Mazur's "Main Conjecture" , we hope[l that p\> is 
crystalline for any finite place v' of K above ly when the residual characteristic of A' is prime to 
that of any place in S. However to prove this hope seems not to be easy. If p\ is abelian, the hope 
is true by Theorem l2.3l If we consider representations which is pure, we can improve the statement 
(1) of Theorem [53] as below. (If the hope is true, it is not difficult to prove the proposition below 
without the assumption of pureness by the similar method of the proof of Theorem 12.51 ) 

Proposition 2.9. Let (p\)\ be an E-rational strictly compatible system of n-dimensional geometric 
semisimple X-adic representations of Gk- Suppose that (p\)\ is pure. Suppose that there exists an 
infinite set A of finite places of K which satisfies the following: 

(1) For any A G A, there exists a place v of K above £\ such that 

2 In fact p\ and py shall come from an algebraic variety X and their ramification set S shall be "bad primes" 
otX. 
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(a) there exists a constant C > which is independent of the choice of A G A such that 
[I v : £ v (p\)] < C. Here £ v (p\) is the inertia! level of p\ at v {see Section 2.1). 

(b) there exist integers w\ < W2 which are independent of the choice o/AeA such that the 
Hodge-Tate weights of px\G v ar & i- n [wi,W2\- 

(2) For any A £ A, (p~\) ss is abelian and any character associated with p\ has the form s\\, 
where e : Gk ^\ is a character unramified at all places of K above i\ . 

(3) For any A £ A, the Artin conductor of(p\) ss is bounded independently of the choice of X G A. 

Then there exist an integer m and a finite extension L of K such that, for any X, the representation 
p\ is isomorphic to (x™)®" on Gl- 

Proof. Most parts of the first paragraph of this proof will proceed by the similar method as the 
proof of Theorem 12.51 and hence we will often omit precise arguments. First we may assume that, 
for any A G A, 

(2)' any character associated with p\ has the form X\ 

and furthermore, pa|g„ has Hodge-Tate weights in [0, r] for any A and v as in the condition (1). 
Here r is a positive integer which is independent of the choice of A G A. Suppose A is a finite place 
in A. Let X\ ^iXx ' 2 ■> ■ ■ ■ iX\' n be all the characters associated with p\. Taking a finite place v 
as in the condition (1), there exists a finite extension L w of K v such that Px\g Lui IS semi-stable 
and [L w : K v ] < C. If we denote by e w the absolute ramification index of L w , then it follows 
e w < C[K : Q], and Caruso's result on an upper bound for tame inertia weights ([CaJ) implies 
that there exists an integer < b' x ■ < e w r which satisfies b' x i = e w a\^ mod l\ — 1. Consequently, 
we see that there exist integers e > and D > 0, which are independent of the choice of A G A 
and 6a. i = ea^.i mod i\ — 1 for some integer b\.i G [0,D]. Take any v £ Si x and decompose 
det(T — p\(Fr v )) — Yl™ =1 {T — a v j). Then, by the similar arguments as the proof of Theorem 12.51 

we can show that ~[\j =1 (T — a^j) = Yl^-i{T — q^' 3 ) if we take A G A with l\ large enough. Since 
{px)x is pure, we have 

fl(T-al d ) = f[(T-ql) 

j'=i j'=i 

for some integer b. It follows from the compatibility of (px)x that the above equation holds for 
any A (which may not be in A) and v £ Si x . 

In the argument below, we use the method of the proof of Proposition 1.2 of [KLj . Fix A and 

denote it by Ao- Take a finite extension K' of K such that there exists a continuous character 

X\J '■ Gk' — > E£ o which has values in the integer ring of Ex and (xx^Y — X\ - Replace this K' 

with K . Then we know that, for any v ^ S^ Xo , all the roots of det(T — p' Xa (Fr„)) are roots of unity, 

where p' Xo is the twist of px by (Xxo)~ b - Since there are only finitely many such roots of unity, 
there are only finitely many possibilities for the characteristic polynomial of Fr^ . Hence the function 
which takes g G Gk to det(T — p' Xf) (g)) G E[T] is continuous and takes only finitely many values by 
Chebotarev's density theorem. It follows that the set {g G Gk \ det(T — p'x {9)) = — 1)"} i s an 
open subset of Gk, which contains the identity map of K. Hence there exists a finite extension L 
of K such that Gl C {g G Gk | det(T — p' Xo (g)) = (T — 1)™}. Then we see that px is isomorphic 

t° ((Xa^ 6 ) 6 )®" 011 Gl- Since px Q is geometric, we know that b/e =: m is an integer and we finish 
the proof by the compatibility of {px)x- d 

3 Rasmussen-Tamagawa Conjecture 

We continue to use same notation as in the previous section. Let g > be an integer. 
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Definition 3.1. We denote by A(K, g, £) the set of ^-isomorphism classes of g-dimensional abelian 
varieties A over K which satisfy the following: 

(RT e ) K(A[£}) is an ^-extension of K(m). 

(RT rec i) The abelian variety A has good reduction away from £ over K. 

By (RT re d), the set A(K, g,£) is a finite set (Theorem 5 of |Faj and 1. Theorem of jZa] ) . Rasmussen 
and Tamagawa conjectured in |RT| that for any £ large enough, this set is in fact empty (see 
Conjecture 11.11 in Introduction). The following results on the Rasmussen- Tamagawa Conjecture 
are known: 

(i) ([EI], Theorem 2) If K = Q and g = 1, then the conjecture holds. 

(ii) ([RT , Theorem 4) If if is a quadratic number field other than the imaginary quadratic fields 
of class number one and g — 1, then the conjecture holds. 

(iii) f [Ozj . Corollary 4.5) Let A(K, g, £) st be the set of K- isomorphism classes of abelian varieties in 
A(K,g,£) with semi-stable reduction everywhere. Then there exists an integer C = C([K : Q],g), 
depending only on [K : Q] and g, such that A(K, g,£) st is empty for any I > C with £ \ dx- Here 
cLk is the discriminant of K. 

(iv) ([Arj. Corollary 6.4 and [AM] ) Let if be a quadratic number field other than the imaginary 
quadratic fields of class number one. Let A(K,2,£)qm be the set of if -isomorphism classes of 
QM-abelian surfaces in A(K , 2, £). Then A(K, 2, ^)qm is empty for any £ large enough. 

For an abelian variety A, denote by pa.i- Gk — > GL(Te(A)) ~ GL2 g (Z p ) the representation 
determined by the action of Gk on the £-adic Tate module Ti(A) of A. Consider the following 
properties: 

(RT*)' For some finite extension L of K which is unramified at all places of K above £, L(A[£]) 
is an ^-extension of L(fig). 

(RT a b) The representation pa,i has an abelian image. 

It is clear that (RT*) implies (RT*)'. 

Definition 3.2. We define sets A(K, g, £ ) a b and A'(K, g, £) a b of isomorphism classes of ^-dimensional 
abelian varieties A over K as follows: 

(1) [A] e A(K,g,£) ah if and only if A satisfies (RT*), (RT red ) and (RT ab ). 

(2) [A] e A'(K,g,£) ah if and only if A satisfies (RT*)' and (RT ab ). 

Clearly, we have A(K , g, £) D A(K 7 g 7 £) a \, C A'{K , g, £) a b- Note that abelian varieties in A'(K, g, t)^ 
are not forced the reduction hypothesis (RT re d)- Hence A!{K,g,£)ab ma y be infinite (but the au- 
thor does not know an example such that A'{K,g,£)ab is infinite). 

4 Proof of Theorem 11.21 

In this section, we use same notation as in the previous section. First we study the structure of 
A[£] for an abelian variety A in A'(K, g, £) a b- Let A be any g-dimensional abelian variety over K. 
We denote by f>A,e- Gk — > GL(A[£]) ~ GL2 g (¥ p ) the representation determined by the action of 
Gk on A[£}. Consider the following properties: 

(RT mo d) (pA,i) ss conjugates to the direct sum of n characters which are of the form Xe- 

(RT mo d)' {p~A,e) ss is abelian and characters associated with p~A,e are of the form ex*, where 
e: Gk — > is a continuous character which is unramified at all places above £. 

The condition (RT*) is equivalent to the condition (RT mo d) by the Lemma below. Hence the 
if-isomorphism class [A] of (/-dimensional abelian variety A over K is in A{K , g, £) if and only if 
A satisfies (RT mo d) and (RT ro d). 

Lemma 4.1. Let A be a g- dimensional abelian variety over K . 
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(1) The abelian variety A satisfies (RT^) if and only if A satisfies (RT mo d). 

(2) Suppose that the abelian variety A satisfies (RT a b). Then A satisfies (RT^)' if and only if A 
satisfies (RT mo d)'. 

Proof. The assertion (1) follows from the arguments of the proof of Lemma 3 in |RT| and thus we 
omit the proof. Suppose that an abelian variety A satisfies the condition (RT a b) and denote by 
ipli ■ ■ ■ ,ip2g characters associated with Pa,i- If A satisfies (RT mo( j)', then we have ipi = £ iX.T f° r 
some integer where £j : Gk — ► F^ is a continuous character which is unramified at all places of 
K above I. Let L be the composition field of all fields K kcl £i for all i. Then L is unramified at 
all places of K above I. Since each ipi\G L ^ 5 is trivial, we obtain (RTf)'. Conversely, suppose that 
(RT^)' holds and take a field L as in the statement of (RT^)'. By (1), we know that each ipi\G L is 
equal to xT f° r some integer at. Hence £j := ipi • Xi a% '■ Gk — > F^ is unramified at all places above 
I and this implies (RT mo( j)'. □ 

We recall the following two propositions. 

Proposition 4.2 (Faltings). Fix an integer w. The set of isomorphism classes of semisimple 
n-dimensional l-adic representations Gk GL n (Qi) which are Q-integral with Frobenius weights 
< w outside S, is finite. 

Proof. The Proposition follows from the proof of Theorem 5 in |Fa] . See also |Laj , Chapter VIII, 
Section 5, Theorem 11. □ 

Proposition 4.3 (Raynaud's criterion of semi-stable reduction, |Grj . Proposition 4.7). Suppose A 
is an abelian variety over a field F with a discrete valuation v, n is a positive integer not divisible 
by the residue characteristic, and the points of A[n] are defined over an extension of F which is 
unramified over v. In particular, if A is an arbitrary abelian variety over a number field K, then 
A has semi-stable reduction everywhere over K(A[12\) — K(A[i], A[4]). 

For an integer g > 0, put 

D g := $GL 2g {Z/3Z) ■ $GL 2g {Z/4Z). 

If p: Gk GL2 g {Q_i) is an abelian representation, then, for any integer k, we denote by p k the 
representation Gk — > GL 2s (Q<>) which is defined by p k (s) := (p{s)) k for any s e Gk- With this 
notation, we obtain the following lemma which plays an important role in the proof of Theorem 
11.21 to construct a good compatible system. 

Lemma 4.4. Let g > be an integer and £q a prime number. Let Ae, be the set of isomor- 
phism classes of representations p: Gk ^ GL2 g (Qe ) which are isomorphic to p^ S £ for some 
g-dimensional abelian variety A over K such that K(A[£'^ D ]) is an abelian extension of K. Then 
Ai is finite. 

Proof. If A is an abelian variety over K such that fC(^4[^g°]) is an abelian extension of K, then A 
has potential good reduction everywhere. Putting L := K(A[12]), such an abelian variety A has 
good reduction everywhere over L by Proposition [4j3] Since [L : K] divides D g , the representation 
Pa t a ^ s unramified outside £o for any g-dimensional abelian variety A over K such that K(A[£^]) 
is an abelian extension of K. Take any finite place v of K not above £q. Let «t be a finite place 
of L above v and denote by / the extension degree of ¥ VL over F„ , where ¥ VL and F„ are residue 
fields of vl and v, respectively. Noting that L is a Galois extension of K and A has good reduction 
everywhere over L, we see that D g /f is an integer and obtain the equation 

det(T - p% {¥i v )) = det(T - (p A j (Fr VL )) D °"). 

Since A has good reduction everywhere over L, the polynomial det(T — pA.e (Fi VL )) has rational 
integer coefficients and hence so is det(T — (pA,e (Fr VL )) Dg ^). Consequently, the representation 
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Pai is Q-integral with Frobenius weight D g /2 outside the set of finite places of K above £q- 
Therefore, by Proposition 14.21 it is enough to prove that the representation p A 9 e is semisimple. 
Note that it has already known that paj i s semisimple (Theorem 3 of [Fa] ) . Since pA,e i s abelian 
and geometric in the sense of FM], the representation pa,i i s locally algebraic in the sense of 
[Se] (see also Proposition of Section 6 in [FM ). Therefore, by (MT 1) of [HI], there exists a 
modulus of definition m and an algebraic homomorphism <j> : S m —¥ GL 2g over Q such that the 
^-representation induced by <fi is isomorphic to pa,i Here, the definition of the commutative 
algebraic group 5^ over Q is given in Chapter II of [Se]. Note that any £o-adic representation 
coming from an algebraic morphism — > GL 2g is automatically semisimple. Since p A 9 t comes 

from the composition S m — % S m GL 2g where S m — f S m is the multiplication by D g map, we 
obtain the fact that p A 9 g is semisimple. □ 

Proof of Theorem M.'A First we note that, if an abelian variety A over K satisfies (RT a b), then 
Pa. i' is abelian for any prime number t' (cf. [Se], Chapter III, Section 2.3, Corollary 1). Fix a 
prime number £q and denote by Ae the set as in Lemma 14.41 Assume that there exist infinitely 
many prime numbers £ such that A!(K, g, £) a b is not empty. For every such £, we obtain the ^o _a dic 
representation p A 9 p which is in the set Ae , where A is an abelian variety whose isomorphism class 
is in the set A'(K, g, £) a b. By Lemma POl we see that there exists a representation pi Q in Ae such 
that for infinitely many £ and [A] 6 A' \K, g, £) a b, Pa 9 £ ^ s isomorphic to pi . In particular, we 
know the fact that the representation pi extends to a Q-integral strict compatible system {pi)i of 
2g-dimensional abelian semisimple €-adic representations of Gk ■ Furthermore, for infinitely many 
prime numbers £, the characters associated with a residual representation pi of pi are of the form 
£ Xe by Lemma FOI where e : Gk — > is a continuous character which is unramified at all places of 
K above £. Applying Theorem l2.5l or Corollarv l2.8l we see that there exist integers mi, . . . , rri2 g and 
a finite extension L oiK such that pi is isomorphic to Xt^ ©X^ 2 ©' " '©X^/ 8 on Gl- In particular, 

for some prime number £ and [A] E A' (K, g, £) a ^, Pa 9 i ^ s isomorphic to x^ 1 © xT 2 ® ' ' ' ® Xta" 
on Gl- Therefore, looking at the eigenvalues of images of a Frobenius element (at some place) of 
P a 9 1q and xTq 1 © xT 2 X^ 2£ we know that D g /2 = mi = m 2 = ■ ■ ■ = m 2g . Since p A 3 lo has 

Hodge- Tate weights and D g at a place of L above £q, this is a contradiction. □ 
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